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Abstract For any fixed positive integer n, the Smarandache ceil function of order k is 
denoted by N* — N and has the following definition: 


Sx(n) = minf{a € N:n|a*} (Vn € N*). 


In this paper, we use the elementary methods to study the arithmetical properties of Sz(n), 


and give some identities involving the Smarandache ceil function. 
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81. Introduction 


For any fixed positive integer n, the Smarandache ceil function of order k is denoted by 
N* — N and has the following definition: 


S,(n) =minfs € N:n|a*} (Vn e€ N*). 


For example, S2(1) = 1, $2(2) = 2, S9(3) = 3, S2(4) = 2, S9(5) = 5, $2(6) = 6, S2(7) = 7, 
So(8) = 4, S2(9) = 3, +--+: . $3(1) = 1, $3(2) = 2, $3(3) = 3, $3(4) = 2, $3(5) = 5, $3(6) = 6, 
S3(7) = 7, $3(8) = 2, ------ : 

The dual function of S;,(7) is defined as 


Sk (n) = max{z e N: 2*|n}(Vne€ N*). 


For example, $2(1) = 1, $2(2) = 1, $2(3) = 1, $o(4) = 2, ---. For any primes p and q with 
Pp # q, S2(p) = p, So(p?"*") = p™ and Sa(p"q") = S2(p™)S2(q”). 

These functions were introduced by F.Smarandache who proposed many problems in [1]. 
There are many papers on the Smarandache ceil function and its dual. For example, Ibstedt [2] 
and [3] studied these functions both theoretically and computationally, and got the following 
conclusions: 

(Va,b € N*)(a,b) = 1 => Sz(ab) = S$, (a) Sz (0), 


Si (py pg? per) = Se (py?).--- .Se(per). 


Ding Liping [4] studied the mean value properties of the Smarandache ceil function, and ob- 
tained a sharp asymptotic formula for it. That is, she proved the following conclusion: 
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Let real number x > 2, then for any fixed positive integer k > 2, we have the asymptotic 


formula 


n<u 


Ye seln) = ek DTT ft - (1+ sez) ] +(e), 


where ¢(s) is the Riemann zeta-function, II denotes the product over all prime p, and € denotes 


Pp 
any fixed positive number. 


Lu Yaming [7] studied the hybrid mean value involving $;(n) and d(n), and obtained the 
following asymptotic formula: 


S~ d(Si(n) = oli +6(Z) +0 (em), 
n<a 
where ¢(s) is the Riemann zeta-function and d(n) is the Dirichlet divisor function. 

In this paper, we use the elementary methods to study the arithmetical properties of 
Smarandache ceil function and its dual, and give some interesting identities involving these 
functions. That is, we shall prove the following: 

Theorem 1. For any real number a > 1 and integer k > 2, we have the identity: 


A). 


n—-1 


= (=i) 
2d, Se(n) = Se pels 


where II denotes the product over all prime p. 


P 
Theorem 2. For any real number a > 1 and integer k > 2, we also have the identities: 


<> Si(n (a)¢(ka — 1) 
or C (kev) 


and 


 (-1)""Si(n) — C(a)C(ka — 1) [ (2% — 1)(2%2-1 — 1) 
> k = | 20-2 (Qke _ 1) 1 ) 


n=1 

where ¢(s) is the Riemann zeta-function. 
Taking k = 2, a = 2 and 4, from our Theorems we may immediately deduce the following: 
Corollary 1. Let 5;(n) denotes the Smarandache ceil function, then we have the identities: 


and 


Corollary 2. Let $;(n) denotes the dual function of the Smarandache ceil function, then 
we have the identities: 
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and 


y = Sc. 


§2. Proof of the theorems 


In this section, we shall complete the proof of Theorems. First we prove Theorem 1. For 


any real number a with a > 1, let 


f(a) >= a ~ a a 
 Se(2n=1) 2,  Sp(2n — 1)S2(2*) 
= 1 eel 
= - 1 ~ : (1) 
(> Se(2n — 7 d, 5e ‘| 
For any prime p, note that S;(p) = p, Sz(p?) = p, ---, Se(p*) = p, Sx(p*t!) = p?, 
Si (p'**") = p'*! for any integers t > 0 and 1 <r <k. So from the Euler product formula [6] 
we have 
= i 1 
—— 14 ! pee | ) 
(> Sp (2n — 7] II ( rip) Se (p?) Se(p*) 
p#2 
k k k k 
= Doe Sa oS oo 
Pp Pp Pp Pp 
P 
pF2 
k 
- U0+ =) 
7 Pp 
p#2 
2% —1 k 
2° +k TIG+ 5 :) (2) 
Similarly, we also have 
ae! k 
1 | (3) 
ys Se(2!) Qa] 


Combining (1), (2) and (3) we may immediately get the identity 


Cale. BBR k 
ey Se(n) perl pe—1 


n=1 


This proves Theorem 1. 
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Now we prove Theorem 2. For any real number a with a > 1 and integer k > 2, let 
y= ee 


Then from the multiplicative property of $;(n) and the Euler product formula [6] we have 


Sk(p) , Su(p?) | Se(p?) 
g(a) = (2 eo gga Yee 
p Pp Pp Pp 
1 1 | | 1 P | D | 
_ II 1 pe + ja : ' plk-La pk : pak la ! ) 
Pp 


l 
oo 


II 
— 
rr 
ple 
| | 
3 
sI-fS- 
ee Se 
3 
i 
4: 
a|3 
-{ 
RIS, 
Q 
4. 
Ss 


1- sna 1 
=~ II i oe I _ 1 
Pp pe Pp prea 
_ ¢(a)¢(ka-1) 
¢(ka) 


This proves the first formula of Theorem 2. 


Similarly, we can also get 


(2n — 1) S,(2°) 
n—1)% 2Qte 


=. (-1)" 18, (n a, Oy 1 ee 
yy yy 


n=1 n=1 


p@ pee pro 


C(ka) i ys ne 
_ S(a)e(ka = 1) |= =D@e = 1) 1 
¢(ka) 2Qa-2(Qka — J) 


This completes the proof of Theorem 2. 
Taking k = 2, then from Theorem 1 we have 


(=-1)"1 _ a%-3 2 pr+1  2%-3 ¢?(a) 
oy S2(n) — 2e41 : (+, ie allie —1  2¢+1¢(2a)’ (4) 


n=1 


Vol. 2 Some identities involving the Smarandache ceil function 49 


where ¢(a) is the Riemann zeta-function. 

Note that ¢(2) = 77/6, ¢(4) = 14/90 and ¢(8) = 7°/9450, from (4) we may immediately 
deduce Corollary 1. 

Corollary 2 follows from Theorem 2 with k = 2. 
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